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In Global Navigation Satellite Systems (GNSS) positioning, one often tries to establish a mathematic
model to capture the systematic behaviors of observations as much as possible. However, the observation
residuals still exhibit, to a great extent, as (somewhat systematic) signals. Nevertheless, those systematic
variations are referred to as the unmodelled errors, which are difﬁcult to be further modelled by setting
up additional parameters. Different from the random errors, the unmodelled errors are colored and time
correlated. In general, the larger the time correlations are, the more signiﬁcant the unmodelled errors.
Hence, understanding the time correlations of unmodelled errors is important to develop the theory for
processing the unmodelled errors. In this study, we compare and analyze the time correlations caused by
unmodelled errors of Global Positioning System (GPS) and BeiDou signals. The time correlations are
estimated based on the residuals of double differenced observations on 11 baselines with different
lengths. The results show that the time correlation patterns are different signiﬁcantly between GPS and
BeiDou observations. Besides, the code and phase data from the same satellite system are also not the
same. Furthermore, the unmodelled errors are affected by not only the baseline length, but also some
other factors. In addition, to make use of the time correlations with more efﬁciency, we propose to ﬁt the
time correlations by using exponent and quadratic models and the ﬁtting coefﬁcients are given. Finally,
the sequential adjustment method considering the time correlations is implemented to compute the
baseline solutions. The results show that the solutions considering the time correlations can objectively
reﬂect the actual precisions of parameter estimates.
© 2016 Institute of Seismology, China Earthquake Administration, etc. Production and hosting by Elsevier
B.V. on behalf of KeAi Communications Co., Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
In Global Navigation Satellite Systems (GNSS) positioning ap-
plications, accurately modelling the errors of spatial and temporal
variation is crucial for precise positioning [1e4]. However, due to
the complicated spatiotemporal characteristics of GNSS disturbing
atmosphere and multipath effect as well as the lack of their
knowledge, it is rather difﬁcult to further establish the suitableeismology, China Earthquake
vier on behalf of KeAi
hquake Administration, etc. Produc
e (http://creativecommons.org/lice
, et al., Comparison and ana
16/j.geog.2016.09.005parameterization models that can fully capture all systematic ef-
fects. As a result, the residual systematic errors still remain in the
observation models, which are referred to as the unmodelled er-
rors. They differ from the random errors since they exhibit as
spatiotemporal correlated signals [5,6]. Therefore, it is critical and
important to handle the unmodelled errors for further improving
the GNSS positioning accuracy [7,8].
In Global Positioning System (GPS) applications, there has been
some research on the observation time correlation. Most of them
processed this physical correlation as the colored noise. In fact, if all
systematic errors are completely modelled and only pure random
errors remain, the observations should be time independent.
However, there are always some errors cannot be further modelled,
the observations are time correlated inevitably in practical appli-
cations. Bona [9] and Li et al. [10] discussed the time correlations of
GPS observations based on zero baseline with different receivers.
El-Rabbany [11] and Han and Rizos [12] presented the time corre-
lations for double differenced (DD) observations on short baselinestion and hosting by Elsevier B.V. on behalf of KeAi Communications Co., Ltd. This is
nses/by-nc-nd/4.0/).
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time correlation for DD observations of long baselines with long
session. Odolinski [15] studied time correlation in network real-
time kinematic (RTK) solutions. These studies arrive at the
conclusion that physical correlations have marginal effects on
parameter estimates, but signiﬁcant effects on the precision mea-
sures of parameter estimates.
Although the BeiDou Navigation Satellite System (BDS) is similar
to GPS, it is the ﬁrst GNSS composed of three different satellite
orbits, the medium Earth orbit, the geostationary Earth orbit and
the inclined geosynchronous satellite orbit. Many studies have
recently done to make a better use of the BDS signals [16e19]. In
real applications, the unmodelled errors are of course existent in
BeiDou. However, there is little research so far addressing the
characteristics of BeiDou unmodelled errors and their impacts on
precise positioning.
This paper dedicates to initially studying the unmodelled er-
rors of the GPS and BeiDou signals in precise positioning. As
mentioned above, the time correlation is an important property
for unmodelled errors. To study the theory of processing
unmodelled errors, we should ﬁrst master the characteristics of
time correlations and their relations to unmodelled errors.
Therefore, we will focus on the time correlations of unmodelled
errors in this paper. First, based on the different GPS and BeiDou
data sets, the time correlations are compared and analyzed. Sec-
ond, the time correlations as a function of time lags are ﬁtted by
using empirical functions, i.e., the exponent and quadratic func-
tions, respectively. Finally, the time correlations are captured into
the sequential adjustment, to show how the time correlations
affect the baseline solutions.
2. GNSS DD observation model and its solution
2.1. The single-epoch model
For the short baseline, the atmospheric errors are basically
eliminated. After the integer ambiguities are ﬁxed, the single-epoch
observation equation reads
l ¼ Axþ ε (1)
where l is the DD code and phase observations; A is the design
matrix to baseline x; ε is the errors terms of observations.
The least squares (LS) solution of model (1) is given as
bx ¼ ATQ1A1ATQ1l; Qbx ¼ ATQ1A1 (2)
where Q is the covariance matrix of l. The corresponding DD
observation residuals can be computed as
v ¼ Abx  l (3)
where v is the DD residuals of code and phase observations, con-
taining the random and unmodelled errors mainly speciﬁed by the
residual atmospheric biases and multipath effects.
2.2. The sequential model
If the time correlations of between-epoch observations are
considered, the sequential model for DD code and phase observa-
tions is introduced. The DD observation equations can be formed
L ¼ BX þ E (4)Please cite this article in press as: Z. Zhang, et al., Comparison and ana
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where the subscripts i1 and i denote epoch numbers. The oper-
ator ‘blkdiag’ denotes block diagonal concatenation of matrices.
In practice, GNSS measurements are usually assumed to have
the same covariance matrix in two consecutive epochs. But now,
the time correlations are introduced for code and phase observa-
tions. The formula for the time correlation at lag k is
rk ¼
ck
c0
(5)
where ck ¼ 1Nk
PNk
i¼1 ½vðiÞ  v½vðiþ kÞ  v, N is the epoch number,
v is the mean value of v. The standard deviation for the time cor-
relation at lag k is
srk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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N
 
1þ 2
Xt
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r2t
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where t is the lag beyond which the theoretical time correlation is
effectively zero [20,21].
As a result, the covariance matrix for two consecutive epochs is
formulated as
Qll ¼ R5Q (7)
where the symbol ‘5’ denotes the Kronecker product of two
matrices; R captures the time correlations of DD code and phase
data as follow
R ¼

1 r
r 1

where r is the time correlation coefﬁcient. To make the observa-
tions of two epochs independent, we make the following trans-
formation. Since the matrix R holds true the equation
URUT ¼ D (8)
with U ¼

1 0
r 1

and D ¼

1 0
0 1 r2

. If we multiply both sides
of Eq. (4) by ðU5ImÞ, the transformed observation equations read
L ¼ BX þ E (9)
with
L ¼
h
lTi1; l
T
i
iT
; li ¼ li  rli1; B ¼ blkdiagð
h
Ai1;Ai
i
Þ;
Ai ¼ Ai  rAi1; E ¼
h
ε
T
i1; ε
T
i
iT
; εi ¼ εi  rεi1
wherem is the number of observations in a single epoch. Im denotes
the (m  m) identity matrix. In terms of error propagation law, the
covariance matrix of DD observations for two epochs follows
Qll ¼ ðU5ImÞðR5Q Þ

UT5Im

¼ D5Q (10)
Obviously, the transformed observations in Eq. (7) are inde-
pendent between epochs. So now the LS solution of the ith epoch
can be easily derived in terms of the sequential adjustment aslysis of unmodelled errors in GPS and BeiDou signals, Geodesy and
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¼

ATi Q
1
lijbx i1Ai1 (11)
with Q
li
bx i1 ¼ ð1 r2ÞQ þ r2Ai1Qbx i1bx i1ATi1
3. Comparison of GPS and BeiDou unmodelled errors
The data used in this comparison were obtained from Hong
Kong Satellite Positioning Reference Station Network (SatRef). Total
11 baselines evenly spaced from about 5e50 kmwere chosen. Dual-
frequency GPS/BeiDou data of 1 h were collected for each baseline
with sampling interval of 1 s. In computations, the cut-off elevation
was set to 10, and all data was corrected by using the Hopﬁeld
model. The ambiguities have been correctly ﬁxed with LAMBDA
method [22] by postprocessing. Only the baseline parameters are
assumed unknown, which means that the ionospheric biases, the
residual tropospheric biases and the other systematic errors
remained. The DD residuals were computed with Eq. (3), where the
time correlations are ignored.
First, the results for the shortest baseline HKPC-HKMWwith the
length of 4.8 km are analyzed. Figs.1 and 2 show the DD residuals of
GPS and BeiDou observations, respectively. Each color denotes one
pair of DD satellites. It can be clearly seen that for most of the1000 2000 3000
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Fig. 2. BeiDou DD residuals obtained from the bas
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Geodynamics (2017), http://dx.doi.org/10.1016/j.geog.2016.09.005satellite pairs, the residuals contain the signiﬁcant unmodelled
errors. This is further conﬁrmed by the histograms of GPS and
BeiDou DD residuals, as shown in Fig. 3. Based on the residual
histograms, the skewnesses and kurtosises are computed. Obvi-
ously, the results differ from those of zero-mean normal distribu-
tion for this shortest baseline. Besides, the results also indicate that
the inﬂuences of unmodelled errors do not share the same pattern
for GPS and BeiDou. The main reason is probably due to the
different satellite constellations and signal qualities, thus resulting
different effects of multipath and atmosphere.
We computed the DD residuals for all 11 baselines though they
are not shown here. Based on these residuals, the time correlation
coefﬁcients with time lag of 1 s are computed, and their mean
values are shown in Fig. 4 for all baselines as a function of baseline
length. In general, the time correlations increase as the baseline
length becomes longer. It makes sense since the larger unmodelled
errors are associated to the longer baselines. The time correlations
are different between GPS and BeiDou observations, which indicate
that the effects of unmodelled errors on GPS and BeiDou are
different. Besides, the time correlations of phase are generally
smaller than those of code. The reason could be that the code ob-
servations aremore easily inﬂuenced by the unmodelled errors. For
a given satellite system, the time correlations of two frequencies are
quite similar for code and phase, respectively, which is possibly
attributed to the similar unmodelled errors introduced by the same
propagation path. 
1000 2000 3000
-2
0
2
L2
 c
od
e 
(m
)
Time (s)
1000 2000 3000
-20
0
20
L2
 p
ha
se
 (m
m
)
Time (s)
ine HKPC-HKMW for various satellite pairs.
1000 2000 3000
-2
0
2
B
2 
co
de
 (m
)
Time (s)
1000 2000 3000
-20
0
20
B
2 
ph
as
e 
(m
m
)
Time (s)
eline HKPC-HKMW for various satellite pairs.
lysis of unmodelled errors in GPS and BeiDou signals, Geodesy and
-1 0 1
0
0.03
0.06
0.09
Residual (m)
ycneuqerf  edoc 1L
-1 0 1
0
0.03
0.06
0.09
Residual (m)
L2
 c
od
e 
fre
qu
en
cy
-10 0 10
0
0.03
0.06
0.09
Residual  (mm)
ycneuqerf esahp 1L
-10 0 10
0
0.03
0.06
0.09
Residual  (mm)
L2
 p
ha
se
 fr
eq
ue
nc
y
3.0889 0.0840 3.1118
-0.0615 2.7846 -0.0987 2.8573
-0.2167
-1 0 1
0
0.03
0.06
0.09
Residual (m)
ycneuqerf edoc  1
B
-1 0 1
0
0.03
0.06
0.09
Residual (m)
B
2 
co
de
 fr
eq
ue
nc
y
-20 -10 0 10 20
0
0.03
0.06
0.09
Residual (mm)
ycneuqerf esahp 1
B
-10 0 10
0
0.03
0.06
0.09
Residual (mm)
B
2 
ph
as
e 
fre
qu
en
cy
2.6177 0.0923 2.3671
-0.1312 2.8504 0.0072 3.2575
-0.2895
Fig. 3. Frequency histograms of GPS (left) and BeiDou (right) DD residuals obtained from the baseline HKPC-HKMW. The numbers in the top left and top right corners indicate the
corresponding skewnesses and kurtosises, respectively.
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errors
As mentioned above, the time correlation coefﬁcients will have
some variations due to the unmodelled error uncertainty. To be
more accurate, the time correlation coefﬁcients of any time lag
should be updated at every epoch. However, in real application, the
bottleneck problem is the huge computation burden of time cor-
relation coefﬁcients, particularly when the observations are often
discontinued. For simplicity of computation, an efﬁcient estimation
method is proposed by introducing general empirical models. The
empirical functions are applied to ﬁt the time correlation co-
efﬁcients as a function of time lag. In this study, two different
empirical functions have been tested. The ﬁrst one is an exponen-
tial function given by
f ðkÞ ¼ expðjkj=TÞ (12)
where k is the time lag in seconds and T is the unknown correlation
time to be determined (the 1/e point). The second one is a quadratic
form given by
f ðkÞ ¼ aþ bkþ ck2 (13)
where a, b and c are the unknown parameters.Please cite this article in press as: Z. Zhang, et al., Comparison and ana
Geodynamics (2017), http://dx.doi.org/10.1016/j.geog.2016.09.005The LS technique is applied to test whether these two functions
can ﬁt the time correlation coefﬁcients and which one is better. In
Figs. 5 and 6, the time correlation coefﬁcients of each satellite pair
and their two best ﬁt functions are presented, where Exp. and
Quad. denote the exponential and quadratic function respectively.
It is clearly evident that the time correlation coefﬁcients for
different baseline lengths indicate little variations. Therefore, a
general empirical time-correlation function which is valid for the
range up to 50 km can be developed. The results for the general
empirical time-correlation functions are shown in Table 1. It can be
seen that the GPS and BeiDou DD observations are positively
correlated over a time period of about 5 and 3.5 min, respectively.
The results of GPS agree with the analyses of El-Rabbany [11] and
Howind et al. [13]. Also, comparing with the root mean square er-
rors (RMSE) from these two empirical functions, it is shown that the
empirical quadratic function given by Eq. (13) gives the better ﬁt for
the estimated time correlation coefﬁcients, especially for the Bei-
Dou data. In conclusion, the quadratic function is advised to ﬁt the
time correlations in BeiDou applications.5. Impact analysis of time correlation on precise positioning
To investigate the impact of time correlation on precise posi-
tioning, L1, L2, B1 and B2 phase observations from baseline HKPC-
HKMW were used again. There were a total of 10800 epochslysis of unmodelled errors in GPS and BeiDou signals, Geodesy and
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the same as those deﬁned in Section 3. Because the results solved
by GPS and BeiDou data showed similar conclusions, for simplicity
of discussion only the results obtained from BeiDou observations
are analyzed.
Two methods are examined, identiﬁed by whether the time
correlation estimated by the empirical quadratic function is takenTable 1
Results for general empirical time-correlation functions.
Obs. types Zero crossing Exponential model RMSE
s T
L1 295 127 0.20
L2 316 152 0.20
B1 202 86 0.23
B2 219 98 0.24
Please cite this article in press as: Z. Zhang, et al., Comparison and ana
Geodynamics (2017), http://dx.doi.org/10.1016/j.geog.2016.09.005into account or not. For these twomethods, the single-epochmodel
and the sequential model considering the time correlation are
referred to the empirical and the realistic method respectively.
Similar to Li [19] and El-Rabbany and Kleusberg [23], the baseline
solutions of both two methods are very close with each other, as
shown in Fig. 7. Then the DD residuals with the two methods are
calculated respectively. The empirical DD residuals of the ith epochQuadratic model RMSE
a b c
1 5.77  103 8.31  106 0.20
1 4.55  103 3.98  106 0.19
1 6.59  103 7.59  106 0.18
1 5.52  103 3.32  106 0.16
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Z. Zhang et al. / Geodesy and Geodynamics xxx (2017) 1e86can be obtained with Eq. (3). According to Eq. (11), the realistic DD
residuals are obtained by
vi ¼ Ai bxi  bli (14)
with bxi ¼ ðATi Q1lijbx i1AiÞ1ATi Q1lijbx i1bli and bli ¼ li þ rAi1bxi1. The
other terms are the same as those deﬁned previously. It can be
clearly seen from Fig. 8 that the residuals of the transformed ob-
servations are much stable than those of the original observations.
Each color from Fig. 8 denotes one pair of DD satellites. This can be
further conﬁrmed by Fig. 9 that the residuals for the transformed
observations are more random judging from the time correlation
coefﬁcients with Eq. (5). It means that the method considering time
correlation can truly obtain the baseline solutions.
To demonstrate the impact of time correlation caused by
unmodelled errors on precise positioning, the baseline precisions
are used to compare these two methods. The variance matrix of
baseline solutions over k epochs can be derived as2000 4000 6000 8000 10000
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Fig. 8. BeiDou DD residuals for various satellite pairs solved by ignoring (top) and considering (bottom) the time correlations.
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Z. Zhang et al. / Geodesy and Geodynamics xxx (2017) 1e8 7bQbx ¼ X½Ik  ekeTk=kXT=ðk 1Þ [19]. The matrix ek denotes the f-
column vector with all elements of ones. In order to weaken the
time correlation, we use a new series data sampled with the
interval of 5 s from the original series. Given the data window
k ¼ 60 epochs, the baseline precisions are obtained as the actual
values. After that, the realistic and empirical baseline precisions
are computed by considering and ignoring the time correlations,
respectively. Fig. 10 shows the relations among the actual,
empirical and realistic variances of baseline solutions in up (U)
direction with BeiDou data. As expected, the baseline precisions
obtained with the realistic method are more similar to the actual
ones. In addition, the empirical baseline precisions are smaller
than the actual ones. That is to say, ignoring the time correlations
will result in baseline precisions that are both too optimistic and
unrealistic.6. Conclusions
In this paper, we compare and analyze the GPS and BeiDou
unmodelled errors. The corresponding physical correlations of a
temporal nature are systematically studied. Based on the results
from 11 baselines of different lengths, the main conclusions can be
summarized as follows:
(1) The unmodelled errors indeed exist in GPS and BeiDou sig-
nals. In addition, there are systematic discrepancies between
GPS and BeiDou, and the unmodelled error patterns are also
not the same between code and phase observations from the
same satellite system. Although the unmodelled errors are
generally positive correlated with the baseline length, there
are still other impact factors.
(2) The GPS and BeiDou DD phase observations are both posi-
tively correlated over a time period of at least 3.5 min. Then
the time correlation coefﬁcients could be well ﬁtted by the
exponential and quadratic function, which are valid for the
range up to at least 50 km. Then the advised unknown pa-
rameters of empirical functions for dual-frequency GPS and
BeiDou phase data are all given.
(3) The LS solution considering time correlation based on
sequential adjustment is derived. With this method, one can
achieve more reliable baseline solutions than the empirical
method. Since it is proved that the residuals are more
random and the precisions of baseline solutions can objec-
tively reﬂect the actual precisions of baseline solutions.
Without taken into account the time correlations caused byPlease cite this article in press as: Z. Zhang, et al., Comparison and ana
Geodynamics (2017), http://dx.doi.org/10.1016/j.geog.2016.09.005the unmodelled errors, the baseline precisions are too small
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